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1. In 1949 A. Selberg [I] succeeded in giving an elementary proof of a 
theorem of Dirichlet on the infinitude of prime numbers p = {(mod K), 
where k and t are positive integers with (K,e) = 1. The starting point of his 
proof is the asymptotic formula 
c k2P + c logp log q = -& x log x + O(x), (1) 
P$Z PQSS 
p--C(modk) ea=d(mod k) 
which is now famous as the inequality of A. Selberg. Here, p and 4 run 
through the prime numbers with the specified conditions and 4(k) denotes 
the number of positive integers less than and relatively prime to K. His 
argument is completely elementary in the sense that it does not use the 
complex residue characters to modulus K and needs only finite sums involving 
prime numbers. 
The purpose of this note is to present another proof of this theorem of 
Dirichlet on the basis of the relation 
c log2 P p+ c ‘%Pk!l = - og2 x + O(log x), 1 1 P4 4(k) (2) P52 PQSX 
p=d(modk) PQ--d(mOdk) 
which can be easily deduced from (1) by partial summation. Our proof will 
make free use of the residue characters to modulus k and, besides these, 
certain infinite series with a real valued parameter: it is thus no longer ele- 
mentary. However, the proof may have some methodological interest in 
itself, as in a crucial point of it a stability argument is used for the solutions of 
certain differential equations. Also, the infinite series with which we shall 
concern are of the power-series type only, and this will make our proof of 
the theorem of Dirichlet quite simple in its nature. 
We note that a brief note [2] containing our results has already been pub- 
lished under the same title as above. 
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Here the writers wish to express their heartiest gratitude to Professor K. 
Bellman for kindly inviting them to rewrite their joint note in this Journal. 
2, We shall first derive the inequality (1) of A. Selberg. In order to do 
this some auxiliary results are needed. 
LEMMA 1. Let k be a positive integer. Then we have 
c 1 =TX+o(l), (3) 
nls 
(n&)=1 
and 
c logn=~ (x log X - X) + O(log X), (5) 
725x 
(n,k)=l 
where the constant c, and the constants implied in the symbol 0 may depend 
upon k. 
PROOF. The Mobius function p(n) has the property 
We have then 
= c CL(d) [J 
dlk 
zz= c dlk q+qE’, 
=qL + O(1); 
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where C is the Euler constant and 
c 1% n = c 1% n c P*(d) = c CL(d) c 1% Cd4 
72s nso dl(k,7l) 
(n,k)=l 
dlk mSzld 
= C p.(d) log d [$I + 144 1 log m,  
dlk d 11: 
where 
hence we obtain 
c logn =T (x log x - x) + O(log x). 
n5s 
(n,k)=l 
LEMMA 2. Let h(n) be a co?npletely multiplicative fU?zCtion of the positive 
integer n, that is to say a function sllch that h(mn) = h(m) h(n) for any pair of 
positive integers m, n. If F(x) and G(x) are any two functions dejned for all real 
numbers x > 1 and connected by the relation 
G(x) = 1 h(m) F (;;i log x, 
mss 
then there holds the identity 
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where A(m) is the Mangoldt function, i.e. the function dejned by 
A(m) = pp 
if m is a power of the prime p, 
otherwise. 
PROOF. Noticing that 
A(m) = c p(d) log ;, 
dim 
we have 
4 1) F(x) log .2* + $, 44 F (+) 44 
- 
Now, let x = x(n) be a residue character to modulus k, K being a fixed 
positive integer. In Lemma 2 we take h(n) = x(n) and consider the function 
F(x) = 0, X) = C x(4 44. 
nss 
Then 
G(x) = G(x, x) = & x(m) F ($9 x) log x 
- 
= log x C x(n) log n. 
nsz 
I f  x = x0 is the principal character (mod k), then it follows from (5) that 
G(x, x0) = 7 (x log2 X - x log X) + O(Iog2 X), 
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and, if x # x0, then 
G(x, x) = O(logz x), 
since Ens2 x(n) = O(1) and so 
n2, x(4 1% n = wg 4. 
On the other hand, if we put 
F(x) = F&c) = x + c2 
with cz = - (k/#)) (cl + l), then, using (3) and (4), 
G(x) = Go(x) = c xoW Fo ($) 1% x 
m<s 
= 1% x & X0(4 (+ + CL) 
- 
Nk) = k x log2 x + ( Cl 
W) + c* 7 1 x log x + O(log x) 
= F(x log2 x - x log x) + O(log x) 
and, therefore, 
G(x, x0) = Go(x) + O(log2 4. 
1 1.44 x0(4 G (; , xo) = C 1-44 x0(4 Go (3) + O(x), 
nss nlr 
since 
c log2 $ = O(x). 
nsz 
Hence, we obtain by Lemma 2 
F(x, x0) log x + m;z x004 F ($ ’ x0) 44 
=Fo(x) 1% x + c XOWFO (G) 44 + O(x) msx 
= 2s log x + O(x), 
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where we have used the well-known formulas 
4m) c,-=c 
m&a PST 
F + O(1) = logx + O(1). 
For x # x0 we have 
F(X, X) log x + C x(m)F (G , x) A(m) = C CL(~) x(4 G (c ’ x) 
m5x n5z 
= 0 (& log2 ;) = ow 
- 
We thus have proved that 
+, xl log x + 1 x(m)F (+ , x) 44 = 24x) x log x + O(x), 
msz 
where 
4x) = 
I 
A 
for x=x09 
for x z x0 * 
This last relation can be rewritten in the form 
1% x C x(4 44 + C x(4 44 44 = 24x) x log x + O(x) 
n$z mnsx 
or 
pZlz x(P) 1%’ P + pza x(P4) log P log 4 = 24x1 x log x + W9 
since 
(6) 
& x(4 44 = p;z x(P) ‘%P + OW2), 
- 
,R. x(4 44 44 = p& x(Pd ‘%P hi! Q + O(x). - 
Now, let /be any integer relatively prime to K. By multiplying on both sides 
of (6) by x(e), where z d enotes the complex conjugate of x, and summing up 
over the4 (K) characters x (mod k), we obtain 
4(k) ( 1 ‘og*p + 1 ‘%P 1% 9) = 23 1% x + O(x), 
PSX 992s 
e=C(modk) rw=d(mod k) 
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which is nothing but the relation (1). 
Also, we deduce from (6), by partial summation, 
1 x(P) w P 
P 
+ c x(P!d ‘0gP’ogq 
P4 
= e(x) log2 x + O(log x) 
PSX pqs;r 
and obtain the relation (2) in a similar way. 
We note that the above proof of the inequality (1) is motivated from 
T. Tatuzawa and K. Iseki [3], w h ere a very simple proof has been given for 
the inequality (1) in the special case of k = 1 (see also [4]). 
3. We now put 
4x> = c x(P) 1% P P (v = 0, 1, 2 ,... ), 
e.“$P<e?~fl 
&n(x) = f 4x> (m = 0, 1, 2 ,... ). 
“=O 
Note that u&x) = O(1) uniformly in x and V, so that s,(x) = O(m) uniformly 
in x. 
Putting x = en or log x = n, we find by a simple computation 
1 x(P) log2 P 
92x P 
= go%(x) + 0(4? 
c x(P4) 1% P 1% Q 
zxl5x PS 
= ;ouxx) L(X) + ow 
Thus the relation (6) can be written in the form 
go 4x) (v + L(x)) = 4x) n2 + O(n). 
We define for s > 0 the functions 
f(s, X) = f 4x) e-us, 
v=o 
the series on the right being uniformly absolutely convergent for s > so > 0. 
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LEMMA 3. We have 
$f(S, x) - (f(S, x))” = - Jy + 0 (f) (s JO). 
PROOF. One may easily verify, using (7) that for s > 0 
& ($,s, x) - (f(S, x))“) = - g (go a”(x) (v + L~XN) e-ns 
= - go (e(x) n2 + O(n)) e-3 
= 2e(X) (1 - e-8)3 + 0 ( (1 ‘e-.,1 3 ) 
which proves Lemma 3, since 
1 
1 - e+ 
= f + O(1) for s JO. 
4. By virtue of Lemma 3 we are able to determine the asymptotic 
behavior of the functionsf(s, x) for s JO. However, the behavior off(s, x0) 
can directly be seen from the fact that 
hz(xo) = m + O(1). 
We thus have 
f(S, x0) = f + O(l) 6 10). 
For the other functionsf(s, x) with x # x0 we will prove the following 
LEMMA 4. Suppose that x be a non-principal character (mod k). Then we 
have either 
f(S, x) = 0 (1% f) (s 10) 
f(S, x) = - f + O(l) (s 1 0). 
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PROOF. By Lemma 3 the functionf(s, x) with x # x0 satisfies the asymp- 
totic differential equation 
$r!h x) - (f(s, XN” = 0 (f, (s 10). 
Let us consider the differential equation 
dY 
y& - y2 = R(s), 
where y = y(s) and R(s) = 0(1/s) for s JO. If we put 
after the substitution 
then we get 
y = - t + tC(t) 
and the equation (8) becomes 
with c(t) = 
g + a(t) w = 0, 
where 
A(t)+(~) To(+) (t - 
(8) 
t dn 
--, v  dt 
f  co). 
By integrating this twice between t, and t, where t, is a fixed positive real 
number, we obtain 
dv 
t 
z = c3 - s 
A(x) v(x) dx 
to 
and 
w = cd + c,t - 
I 
1. (t - x) A(x) v(x) dx 
with some constants c3 and c4 . 
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It is not difficult to see that o(t) = O(t) (t > to) 
lim%=c 
t-‘=z dt 5 
and the limit 
exists and is finite (cf. [5; Chap. 6, Theorem 51). We have, therefore, 
dv 
z=c3- ,“, 4x1 v(x) dx + j-y 4x1 v(x) dx 
=c,+o + 
( 1 
and 
v = cp + c,t - t Ii0 4444 dx + ,io 44 v(x) dx 
= c, + c,t + t s’p 44 44 dx + /lo x44 44 dx 
= c,t + O(log t). 
If cg # 0 then we have 
C(t)=~~= C5t+0(1) =1 +o(!y) 
c5 + O(log t) 
so that y = O(log t) (t + CD) or 
y=o logI 
( 1 s (s 10). 
If cg = 0 then v = O(log t) and the integral 
I 
co 
x/l(x) v(x) dx = cg 
to 
converges. Hence we have 
v=c,+t 
s m A(x) v(x) dx + cs - Irn xA(x) v(x) dx t t 
log t 
=c4+c,+o -, ( 1 t 
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which reduces at once to 
v=c,+o f 
( 1 
with c7 = c4 + c6 . Noticing that 
dv 
v--t==*+ t, 
s 
t xA(x) v(x) dx 
=c,+o f , ( 1 
we obtain 
dv ,l tdt=O 7. 
( 1 
Thus, if c5 = 0 and c7 # 0, then 
C(t) = O(lP) 
c7 + w/t> =o&) 
so thaty = - t + O(1) (t -+ a) or 
y= -f+o(l) @JO). 
If c5 = c, = 0, then we assert that v = v(t) = 0 for all t > 0. For, since 
there are constants A > 0 and K > 0 such that we have, for t > t, > 0, 
I 40 I < $ > I v(t) I < $9 
we see from the relation 
that 
v(t) = t ,; A(x) v(x) dx - j-‘p xl2(x) v(x) dx 
I v(t) I < K4 (f + +, f  (t > to). 
Thus we have, by induction, 
409/19/3-3 
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for every integral value of m > 0. Since 
and t, > 0 is arbitrary, this proves our assertion. 
This completes the proof of Lemma 4. 
Thus, by Lemma 4, there are two possibilities for the behavior off(s, X) 
with x # x0 as s JO. We wish to show that we have in fact 
for x # x0 . 
f(s, xl = 0 (log +) (s 10) (9) 
5. Let k be a positive integer and r! be any integer relatively prime to K. 
We put for s > 0 
g/(s) = f  b,(l) e-v8 
u=O 
with 
Then we have for s > 0 
&) = &y c Rvv(s, x> 
xlmodk) 
=i$) (f + O(1) + ,$; RV)f(sv xl) . 0 
It follows from the fact that gi(s) 3 0 for all s > 0 that we must have 
f(S, x) = 0 (1% +) (s 1 Oh 
except possibly for a character x # x0 (mod K). This exceptional x, if it 
exists, is necessarily a real character. Thus, in order to confirm (9) it will 
suffice to prove the following 
LEMMA 5. For every real, nonprincipal character x (mod k) we have 
f(S, x) > - + 
with some absolute constant c, > 0. 
(s 10) 
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PROOF. The result will follow at once, if it is shown that there is an abso- 
lute constant c, > 0 such that for every real, nonprincipal character x 
1 x(P) l%P > - (1 ~- 24 log s, 
prcs P 
or equivalently 
l%P 
=2- > cg log x, P<X 
x(P)=1 
for x > x,, . But (10) is a known result (with cg = +) and is in fact easy to 
verify. 
We are now ready to prove the theorem of Dirichlet which asserts that, if 
K and I are two integers with K >, 1, (K, 6’) = 1, then there are infinitely many 
prime numbers p = 8 (mod K). Indeed, if there were some integers k, e with 
k > 1, (k,d) = 1, f or which only a finite number of primes p = C! (mod k) 
exist, then the function 
g&) = -$q f + 0 (log f) 
would remain bounded for s 1 0. But this is apparently impossible, and our 
proof is complete. 
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